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1 Introduction 

The notion of G-expectation, which is a typical nonlinear expectation, was proposed by 
Peng [5], [6], and [7j. It can be regarded as a nonlinear generalization of Wiener probability 
space T , P), where Q = C{[0, oo), M*^), = B{Q), and P is a Wiener probability measure 
defined on [Q, J-"). On the same canonical space Q, G-expectation is a sublinear expectation, 
such that the same canonical process Bt{u}) := Ut,t > is a G-Brownian motion, i.e., it is 
a continuous process with stable and independent increments. One important feature of G- 
expectation is its time consistency. To be precise, let ^ be a random variable and Yf := ^f[^] 
be the conditional G-expectation , then one has [^] = [Ef [^]] for any s < t. For 
this reason, the conditional G-expectation is called a G-martingale, or a martingale under 
G-expectation. 

A well-known and fundamentally important fact in probability theory is that the linear 
space Lp coincides with the Ep[\ ■ |]-norm completion of the space of bounded and J-"- 
measurable functions Bi,{Q), or bounded and continuous functions Cb(f2), or even smaller 
one, the space Lipb,cyi{^) C Chifl) of bounded and Lipschitz cylinder functions. While 
in the theory of G-expectation, Denis, et al. [Tj proved that the E[| ■ |]-norm completion of 
Lipb.cyii^) Cb{^) are the same space Lq{Q), the random variables X = X{uj) which are 
quasi-continuous with respect to the natural Choquet capacity c{A) := E'^[I^], A G B{fl), 
but they are strict subspace of the E[| ■ |]-norm completion of Bi,{Q). Moreover the latter one 
is, again, a strict subspace of L^, the space of all J-'-measurable random variables X such 
that E[|X|] < oo. 
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In Peng [5], [6], and [7j, G-expectation and the related Ito's calculus are mainly based 
on space Then Li and Peng |3] extend the Ito's integral to space without the quasi- 

continuity, obtain Ito's integral on stopping time interval, and get Ito's formula for a general 
C^'^-function, which generahzes the previous results of Peng [5], [6], and [7] and its improved 
version of Gao [2] and Zhang et al. [8]. 

But in Li and Peng [1], the conditional G-expectation has not been defined, so whether the 
martingale properties still hold for the stochastic integral {J^ r]sdBs)o<t<T and the conditional 
G-expectation of random variables without quasi-continuous condition is open. 

This paper is organized as follows. In section 2, we give the definition of conditional 
G-expectation of random variables in space L^. In section 3, we define the related Ito's 
integral in space M^(0, T). In section 4, we prove the Ito's formula for general C^'^ function. 

2 Conditional G-expectation in 

2.1 G-Brownian motion and G-expectation 

We first present some preliminaries in the theory of G-expectation and the related space 
of random variables. More relevant details can be found in Peng [5], [6], [7]. 

Let f2 be a given set and let "H be a linear space of real functions defined on Q such that 
c G "H for each constant c and |X| G "H if X G "H. A sublinear expectation E on "H is a 
functional E : — t- M satisfying the following properties: for all X, F G 

(a) Monotonicity: If X > y then E[X] >E[Y]. 

(b) Constant preserving: E[c] = c. 

(c) Sub-additivity: E[X + F] < E[X] + E[Y]. 

(d) Positive homogeneity: E[AX] = AE[X],VA > 0. 

The triple {Q, "H, E) is called a sublinear expectation space. In the literature, for technical 
convenience, "H is taken as the space satisfying that if Xi, . . . , X„ G "H then f{Xi, . . . , X„) G 
H for each ip G Ci^LipiM'^) where Ci^iipiM"') denotes the linear space of (local Lipschitz) 
functions if satisfying 

I ^{x) - ifiy) \< C{1 + \xr + IvD \x-yiyx,ye M", 

for some C > 0, m G N depending on (p. The linear space Ci^upi^^) can be replaced by 
L-(M-),a(M"),C,^(M"),a™/(M"),a,Lip(M"), and L%R^). In this case X = (Xi, . . . ,X„) 
is called an n-dimensional random vector, denoted by X G H". 



2 



DEFINITION 2.1. In a nonlinear expectation space (f2,?^,E), a random vector Y e "H" 
is said to be independent from another random vector X e T-L"' under E[-] if for each test 
function ip e C;Xip(K"*'^") "we have 

E[if{X,Y)] ^E[E[if{x,Y)l=x]. 

Let Q = Cq(]R+) be the space of all M"^- valued continuous paths {uJt)teR+, with cuq — 0, 
equipped with the distance 

oo 

p{uj\uj') ■.= J2'2-%max U-u;^\) A 1]. 

1=1 

For each fixed T e [0, oo), we set fix '■= {<^.at : G 
Let 

with Bt — ujfjt & [0, oo) for a; e and 

oo 

Ljp(Q) := 1^ Ljp(Q„). 

n=l 

Let (^i)^i be a sequence of d-dimensional random vectors on a sublinear expectation 
space {fl, T-L, E) such that is G-normal distributed and ^j+i is independent from (^i, • • • , ^j) 
for each i — 1,2, - ■ ■ . For each X e Lip{Vt) with 

X = 0(-Btj - Bt2- Bt^,--- , Bt„ - Bt^_^), 

some G Ci^up^R'^^'^) and = to < < " " " < < oO; define G-expectation ]E[-] as 

E[0(St, - Bt^-Bt^,--- , Bt^ - St„_ J] := E[0(v/ir^6, • • • , V^n - ^n-lCn)]- 

And the related conditional G-expectation of 

X = (j){Bt^,Bt2 - -Bt^, • • • ,Bt„- Bt^_^) 

under Q^tj is defined by 
where 
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K[] consistently defines a sublinear expectation on Lip{Q) and {Bt)t>o is a G-Brownian 
motion. 

The sublinear expectation E[-] : Lip{Q) — )■ M defined through the above procedure is called 
a G-expectation. The corresponding canonical process {Bt)t>o on the sublinear expectation 
space (n, Ljp(f2), E) is called a G-Brownian motion. 

Let L^(fiT)5P > I5 denotes the completion of 

Lip(fir) := {<^(5t,Ar,-- - ,5i„AT) :riGN,ti,-- - , t„ G [0, 00), <^ G 

under the norm || X \\p:= (]E[|Xp])p. And set Lip{Vt) := IJ^^i -^«p(^n)- The definition of 
G-expectation and conditional G-expectation can be extended to space L^(f2). 

2.2 Conditional G-expectation in U 

Let be the collection of all probability measures on B{fl)), and 

the space of all i3(f2)-measurable real functions; 
L^{Qt): the space of all i3( fit) -measurable real functions; 

Bi,{Q): all bounded elements in L°(f2); Bh{Qt): all bounded elements in L^{Qt)] 
Cb(fi): all bounded and continuous elements in -L°(fi); Cb{^t)- all bounded and contin- 
uous elements in L^{Qt)- 

THEOREM 2.2. (Denis, et al.p^) There exists a weakly compact subset 0^ M., such 
that 

m = supEp[e],VeGL^(fi). 

^ is called a set that represents E. 

The upper expectation of probability measure set ^ is defined in Huber and Strassen 
[3]: For each X G L°(fi) such that -Ep[X] exists for each P G the upper expectation 
about 1^ is defined as 

E[X] = E'^[X] := sup Ep[X]. 

Denote 

c{A) = sup P{A),Ae 13{Q). 

Pe^ 

Then c(-) is a Choquet capacity. A set A is called polar if c{A) = 0, and a property holds 
"quasi-surely" (q.s.) if it holds outside a polar set. Let 

CP := {X G L°(fi) : E[|X|^] < 00}, < p < 00, 

:= {X G L°(fi) : 3 a constant M,s.t|X| < M,q.s.}, 

A/" := {X G L°(fi) : X = 0, c - g.s.}, 

L*' := cy^^. 
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Then for < p < 1, is a complete metric space under the distance d{X, Y) := E[| X—Y p], 
and for 1 < p < oo, L-'' is a Banach space under the norm || X \\p:= X 

Similarly, we can define space L,P{Qt)- And we denote by L^(i7t) the completion of Bb{Qt) 
and hP{Qt) the completion of Cb{^t) under norm || ■ \\p= E[| ■ p], < t < oo. 

Denis, et al.[lj proved that Lj(fit) = Lli^Qt) C l^H^t)- 

h°° := C°° /M is a Banach space under the norm 

II X ||oo:= inf{M > :| X |< M.q.s.}. 
LEMMA 2.3. If for any p> 0, X e L^, then c(|A:| = oo) = 0, that is \X\ < oo, q.s. 
Proof. Otherwise, c(|X| = oo) > 0, then 

E[|Xn > E[|Xri||x|=oo}] = oo, 

which means X ^ L^. 
Denote 

N 

^si^s,t) ■={v = ^^Iaj V) where {A^}^^-^ is an J^5 — partition of f2, 

and 7]^ ,j = 1, . . . ,N are J-'^ — measurable }. 

DEFINITION 2.4. We define a mapping, E,[-] : L5(fi,,t) -> L5(fi,,,) which has the fol- 
lowing properties, 

(i) ifi>r], then EJ^] > 

(ii) Ejr]] = ri, if r] E hs{^ls,s)- 

(iii) E,[^]-Es[v]<Es[^-v]- 

(iv) Ejr^e] = 7]+E,[i]+ri-E,[-i],if7] E Ls(^^.,s). 

(v) Es[ri] = E[ri], if rj is independent from J^s- 
Then for any rj E hs{fls,t), we. have 

N 

i=i 

Summarizing over j , we have 

N 

So we can define the conditional G-expectation of rj as 

N 

Es[v] :=E[7]\T,] = J2^A^^V']- 

3=1 
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Denote 

N 

^s{^s,r,t) ■={v = '^^Ai^i,rVt,t^ wheie {Ai}f^^ is an J^^ - partition of Q, 

rilj.,j = 1, . . . ,N are — measurable , rj^^, j = 1, . . . , N are J-'[ — measurable }. 
PROPOSITION 2.5. E^[-] : hs{ns.r,t) ^ L5(n,,,) is dynamically consistent. 
Proof. For any random variable r] G L,s{^ls,r,t), we have 

N N 
N 

= ^I^.E[<JE[<J. 
i=i 

And 

I^.E^M = E,[I^.r^^;,<,] = I^.r^l,E[r^^,], 
Summarizing over j, we have 

N 

Hence 

N N 

E,[E,M] = E,[5^I^.r^i;,E[<J] = ^I^.E[r/yE[<J. 
i=i i=i 

So Es[-] is dynamically consistent. 

By the proof of lemma 43 of Denis, et al. [Ij, "the collection of processes {6t)te[s,T] with 
{9t = Yli-^Aj(^t '■ {Aj}^=i is an J^g partition of f2, 6^ is (F'^)-adapted} is dense in ^®2-". So for 
any indicator function I^ G J-^, there exist sequence Q = J2j=i I^^j^*"';'^ = 1; • • where for 
every z, {A^'}^]^ is an J-'^-partition of and rj^^ are J-'/-measuable, such that I^, i — )■ oo. 

While for any J-'^-measurable random variable rj, there exists simple function sequence 
^* = X]j=i Ia^j ^ = 1;2, . . . where {A^-'jjii is an J-'^-partition of fi, and t]^^ are constants, 
such that ^' — )■ r], i — )• oo. 

So L5(fis,t) is dense in and l^s{^s,r,t) is dense in L5'(fis^f) as well as in LP{VLt). 

Hence for any 7] G L^(f2t); there exists r^* G L5(ns^f) such that r^* — > r/, z — > oo. We define 
the conditional G-expectation of r] as 

E,M = limE,[r/*]. (2.1) 



The conditional G-expectation E^f-] : lJ^{Vtt) E^(f2s) defined in (2.1) has the following 
properties. 
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PROPOSITION 2.6. For each X,Y e 

(i) ifX>Y, then E,[X] > E,[F]. 

(ii) Es[v]=V, ^fv^^\^s)■ 
(zzz)Es[X]-Es[Y]<Es[X -Y]. 

(iv) Es[r]X] = r]+Es[X] + r]-E,[-X] for each hounded rj e h^fl^). 

(v) Es\Et[X]] = EtAs[^]; in particular, EfEjX]] = E[X]. 



3 Ito's integral in M2(0, T) 



For T e a partition ttt of [0, T] is a finite ordered subset ttt = {to, ^i, • • • , t^} sucfi 
that = to < ^1 < ■ ■ ■ < ^AT = Let h{tit) '■= max{|tj+i — ti\ : i = 0, 1, . . . , A'" — 1}, and use 
TT^ = {t^, t^, . . . , t]^} to denote a sequence of partitions of [0, T] such that hmjv^oo 1^{t^t) — 
0. 

Let p > 1 be fixed. We consider the following type of simple processes: for a given 
partition ttt = {to, ti, • • • , t^} of [0, T] we set 

N-l 
k=0 

where e LP(Qi^), /c = 0, 1, 2, . . . , A?" — 1 are given. The collection of these processes is 
denoted by Mf'°(0,r). 

DEFINITION 3.1. For each p > 1, we denote by Mp(0,T) the completion o/MP'°(0,T) 
under the norm 

1 



II V ||Mf(o,r):= |^[^ IVtl^dt] 
It is clear that Mp(0, T) D M«(0, T) for 1 < p < q. 



DEFINITION 3.2. For an rj E M^''°(0,T) u;it/i 77t(a;) = Ef=o^ reZatec? 
Bochner integral is 



•^0 fe=0 



For each 77 e MP'°(0, T), set 

EtN:=^E[^ rjt{uj)dt]. 

Et '■ M^'°(0, T) — >■ R forms a sublinear expectation, so under the natural norm || 77 ||Mp(o,r), 
the Bochner integral can be extended from M^''°(0, T) to Mp(0, T) 
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We now introduce the definition of Ito's integral. For simplicity, we first introduce Ito's 
integral with respect to 1-dimensional G-Brownian motion. 

Let {Bt)t>Q be a 1-dimensional G-Brownian motion with G{q) = ^{a'^a^ ~^^<^ ), where 
< a < o" < oo. 

DEFINITION 3.3. For each r] G Wf'^{0,T) with 7]t{uj) = T.k=o ^k{(^)Mtk,t,+^){t), define 

"^0 k=0 

LEMMA 3.4. The mapping I : M^'''(0,T) — )■ L^(fiT) is a continuous linear mapping and 
thus can be continuously extended to I : M^(0,T) — )■ IJ{Qt), o-nd we have 

(3.1) 



E[/ r]tdBt] = {), 
Jo 

E[{[ ritdBtf] < a^E[ [ ri^dt]. 
Jo Jo 



(3.2) 



Proof. Notice that -Bt^+i — Bf. is independent of J-^., so for C,i G L,^{Qti), we have 

ElUBu^, - B,J] = E[-UBu^, - 5tJ] = 0, (3.3) 



and 



mtiBu,. - BuY - - m = mtmBu,, - B,y - a^itit,^, - t,)]] = O. (3.4) 



Hence we get (3.1) and (3.2) by the same procedure as Peng [7j. 
DEFINITION 3.5. We define, for a fixed r] G Wf{0,T), the stochastic integral 



[ r]tdBt:= liri). 
Jo 



It is clear ([3^ and (|3^ still holds for t] G M^{0,T). 
The Ito's integral has the following properties, 

PROPOSITION 3.6. Let ^,ri e M^{0,T), and let < s < r < t < T. Then we have 



VudBu 



rjudBu + / rjudB 



(a) / {ar]u + Ou)dBu = a r]udBu + / OudBu, if a e L^(fi^ 
(m)E[X + ^ riudBu \ n^] = E[X \ fi,], for X G L^(fi). 



For the multi-dimensional case. Let G{-) : S{d) — )■ M be a given monotonia and sublinear 
function and let {Bt)t>o be a d-dimensional G-Brownian motion. For each fixed a G M^, 
we use -B" := {a,Bt). Then (i?")t>o is a 1-dimensional Ga-Brownian motion with Ga{a) = 



2 aa^ —aa 



1(^2 ^2 ^Yieie al^T = 2G{aa^) and a\^T = -2G{-aa^). Similar to 1- 



dimensional case, we can define Ito's integral by 



I{r]) := / r]tdB^, for 7] G M\0,T). 



and have (3.1), (3.2) and Proposition 3.6. 

Let {{B)t)t>o be the quadratic variation process of 1-dimensional G-Brownian motion. 
Define a mapping: 

„T N-1 

QoAv) = / Vtd{B), := 5^e,((i?)*,_,. - {B)t,) : M1'0(0,T) ^ h^nr). 
Jo ,=0 

We have the following lemma. 
LEMMA 3.7. For each r] G Mi'°(0,T), 



n\Qo,Tm<^'nf hidt]. (3.5) 

Jo 

Thus Qo^T '■ M^'°(0,T) — )■ L-'^(fir) is a continuous linear mapping. Consequently, Qq^t can 
be uniquely extended to M^(0,T), and we have 

E[\ [ r]td{B)t\] < a^E[ [ \r]t\dt],yr] E M\0,T). (3.6) 
Jo Jo 

Proof. Notice that E[\^j\{{B)t^^^ - {B)t^)- o-^l^jK^j+i -tj)] = 0. Then it is easy to check 
that (3.5) as well as (3.6)holds. 

PROPOSITION 3.8. For any r] G M'^{0,T), we have 

E[( l\sdB,f] = E[ f rild{B),]. (3.7) 
Jo Jo 



Proof. For rj G M^'°(0, T), it is easy to check that (3.7) holds. We can continuously 
extend the above equality to the case rj G M^(0,T) and get (3.7). 

Similar to Li and Peng(2011), we can prove the following proposition. 

PROPOSITION 3.9. For any ^ G M^ifd.T), r] G WP{0,T), and < t < T, f^^sds, 
j^rjgdBs, and jQ^sd{B)s are well defined processes which are continuous in t quasi-surely. 
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A stopping time r with respect to filtration (J^j) is a mapping r : Q — > [0,T] such that 
for every t, {u : t{uj) < t} G J^f 

LEMMA 3.10. For each stopping time t andr] e WFiQ, T), we have Ip,^), I[o,t)^ e Mp(0, T). 
Proof. For a given stopping time r, let 

n 



k=l 



Then 



\n,T){t) -i[Er=i*riitr_i<r<tp)+ri[.>T],T)(^) 

n 



,<r<tT 



1=1 
n n—1 



XlXl ^[**'*fc+i)'^^)^[*r-i<^<*r) 

1=1 k=l 

n-1 / k \ 



fc=l \Z=i 

Since Ef=il[tr-i<-<tr) ^ we have I[^„,t) G Mf'0(0,r). 

For any 77 G Mp(0,T), there exists a sequence of simple processes rjl = E^ 
with G I^^i^tO siich that 77* ^ 77, i ^ 00 in Mp(0,T). Obviously, l[r„,T)V' G MP^'^(0,r). 

It is easy to check that I[t-„,t)?7* — >■ I[T„,r)?7, i — >■ 00 in M^'(0, T), which means that I[t-„,t)?7 G 
MP{0,T). 

Now we prove I[T„,r)?7 — >■ I[t,t)?7 in M^(0, T). We have 
|I[r„,T)Wr7t-I[r,T)Wr7trrft 



E 



<CE 



+ CE 



\^[r„,T){t)Vt-l[rr.,T){tH\'dt 
\h,T){tH-Mr,T)it)Vt\''dt 



+ CE 



T 



|I[r„,T)(t)r;i-I[r,T)(t)%Ttit 



Since 77' ^ ?7,z ^ 00 in M^'(0,T), for any e > 0, there exists / such that when i > I, 



E 



/o Wt ~ Vtfdt < |. Hence for some fixed i > I, we have 



CE 



CE 



|I[.„,T)(t)r?t-I[.„,T)(t)r?^Rt 



\llr,T){tH-l[r,T){t)Vt\''dt 



< 



3' 



< 



3' 
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and 



CE 



/ \l[r,^^T)it)Vt ~ ^lr,T){t)ril\^dt < \Ck\^ K'^t) < q5 soHie fixed i> I and n large enough 
Jo ' ' . ,. 3 



So r)?] — )■ I[T,r)'7 in Mp(0, T), which means I[r,r)'7 ^ M''(0, T), and consequently I[o,r,o'7 
l[o^r)V in MP(0,T). As a special case, I[o,r) G MP(0,r). 

By lemma 3.10, the integral Jg I[o,r]('S)'^-Bs and jQl[o^T-]{s)VsdBs for e M^(0,T) is well 
defined. 

LEMMA 3.11. For each stopping time r and rj G Mp(0,T), we have 



rtAT 



Proof. Let 



r]sdBs = / I[o^r)VsdBs, q.s. 



n n 

Tn = ^tkh'^_,<T<t'^) + TI[t>T] = J^I^fc-ltfc, 



(3.8) 



k=l 



k=l 



with A^-i = [t^_i < r < t^), and = [r > T] 
For any G M*'(0, T), we have 



^0 

Thus we have 
and 



fc=i 



fe=i 



rjsdBs = / I[o,r„)(s)77s(i5s 



(3.9) 



/ r]sdBs= / I[^„,tAr)(s)?7srf5s ^ 0, 
Jt„ Jo 

by the continuity of j^7]sdBs. Hence 

pTn ptAr ptAr ptAr 

lim / r]sdBs= / VsdBs- lim / Lo,tAT){s)risdBs ^ / r^^c^^^- 



(3.10) 



By the proof of lemma 3.8, I[o,r„)^ ~> I[o,r)'7, ''^ — ^ oo,in Mp(0, T), so we have 

/ l[o^r„){s)r]sdBs ^ / I[o,r)(s)?7sci53, in L^(fii). 
Jo Jo 

By Denis, Hu and Peng(2011) proposition 17, there exists a subsequence I[o,t„^] is)r]sdBs 
such that ^ ^ 

/ lio^rn^){s)r]sdBs ^ / I[o,r)(s)'7sC^5s,?-S-, as A; -> oo,. (3.11) 
jo jo 



From (III, ([3l0|, and KT^, holds. 
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LEMMA 3.12. For rj e Wf{s,t) with s <t, we have 

E,[| ^ Vudu\^] <{t- s)E,[^ 7]ldu], 



(3.12) 
(3.13) 



Proof. For each fixed w G fi, rjuioo) is a measurable function on [s,t]. By lemma 2.3 
i]1du < oo, q.s.. So for fixed w G such that J^r]l{uj)du < oo, we have 



Then we have 



r]u{uj)du\^ < ( / \r]u{uj)\duf < {t - s) / \r]u{uj)\'^du. 



E.[|^ Vudt\^] < (t-s)E,[^ IVul^dt]. 



Now we prove (|3.13|). For r/- = E'^Zo V?J[u,u+^]it) e M2.0(0,T) 



J s 
n-1 

=U\T.'^U(BK.-(B)u)\'] 

n-1 

i,j=0 
n-1 

<aX[J] kX-K^m -t,)] 

i,j=0 

=aX[( /\"rft)2] 

^ s 



<a\t-s)Es[l\v:M. 



(3.14) 



(3.15) 



(3.16) 



Thus (3.13) holds for r]"' G M^'°(0,T). We can continuously extend the above equality to 
the case 77 G M2(0,T) and get (|3.13|). 



4 Ito's Formula 

LEMMA 4.1. Lei G C1'2qo,T] x M") wi/i 9*^?, S^,,^.^ G Cb,u^{[0,T] x M") /or 
/i, z/ = 1, . . . , n. Lei s G [0, T] be fixed and X = {X^, . . . , X")-^ 6e an n- dimensional process 
on [s, T] of the form 

= X: + a^(t -s)+ v^'^m, B^)t - {B\ B^)s) + r{Bl - Bi), 
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where foru = 1, . . . ,n, i,j = l,...,d, a^ r/^*-'' G L^(n.), P"^ G h\Qs) andX^ = (X], . . .,X^f 
is a given random vector in L^(fis). Then for each t > s, we have, in L^(f2t), 

^{t,Xt)-^{s,X,)= [\dt^{u,X^) + d,.^{u,X^)a'']du+ f d,.^{u,X^)rdBi 

Here we use the above repeated indices /i, u, i and j imply the summation. 

Proof. For each positive integer A^, we set 6^ = {t — s)/N and take the partition 
= t^,...,t^} = {s,s + 6^,...,s + N6r, = t}. 

We have 

N-l 



^{t,Xt)-v{s,X,)=Y,Ht^+i,X,N )-^{t^,X,.)] 



k + 1 ' 

N-l 



^ ■* fe + 1 A: 

k=0 

Z fe+l k k + 1 "-k 



(4.2) 



where 



K 



f =5*'t¥'(tf + ^'5^, % + ^(^j , - ^r- ))(d - ^^)' 

A; -H k 



+ 1 k fe + l k 



+ [dl^x'^^i^k + (^^N, XiN + 0{X^N - X^n)) - dx^x.ip{t^, XtN)\{X^N - X%f 

fe + 1 fe fe + 1 k 



with e G [0, 1]. We have, since dl^.^,.'^ G C^^^ ([0> ^] x 



Af-l 



fc=0 

where C is a constant independent of k. 



The rest terms in the summation of the right side of (4.2) are + Q with 



fc=0 

+ a..^(tf ,X,^)[a^(Ci - tl) + r^-^((i?\ - 5^-),^) + /3^^(i?^^, - B\,)\ 

k fc + 1 fc ''i-AI ^i- 



fc=0 

''k+1 

2 fc+i fc fc+i fe 
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and 



N~l 



k=0 



+ 2K(tf^i - ) + rj'^^^{{B\ 5^),. ^ - {B\ B^),.)]r{Bl, ^ - Bl^)}. 



Now we prove converges to the right side of (4.1) and C,f^ converges to in iJ'iVLt). 
Firstly, we have the following estimates. 



k=0 



N-l „/JV 
' ''fc+i 



=E,[V / \d.Mu,X^)-dMt^,X,Mu] 

fc=0 'fe 
N-l „jiv 

/ fc + 1 

<V / E,[\dMu,X^)-dMtk,XtM)\']du] 

fc=0 

/ fc4-l 

/ CA[|n-tf|2 + |X„-X,^|V« 



l-l-N 



/ fc + l 



k=0 ^ 



<(Ci + C2{an')it - s)5% + C^iv^'^fit - s)5l + C^irfit - s)5n. 
Similarly, 

^ k=0 
nt N-l 

E,[ / |9..^KXJ -Y,dxMt'^,X,N)\,N^,N^^^{u)\^d{B\B=)^] 

•^^ k=0 



(4.3) 



(4.4) 



(4.5) 



and 



nt N-l 

E,[ / \dxf.x.ip{u,Xu) - ^dx^x.(p{t^,XtN)\^N^tN^^^{u)\'^d{B\B^)u] 
•^^ k=0 



(4.6) 
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T.k=o dx^^{tk, converges to 9^m<^(-, X), and Y.2=o 

converges to dl^,^,ip{-,X.) in M?{Q,T). 

Then 



Of course, (4.3)-(4.6) implies that Ylik=Q ^■'^{^k ^-^t^)\t^ ,t^j^^){') converges to d.Lp{-,X.), 



N-1 



<5{E[| [ {dM^,X^)-Y.dMt^,X,M)I[,M,.^^^{u)du\'] 
■^^ fc=0 

"^"^ fc=0 

"^^ fc=0 

+ E[| / id,.cp{u,X^)-J2d.Mtk,X,M)^N,.^^)iu)W^^ 



fc=0 



fc=0 



(4.7) 



Af-l 



<5(t - s){E[E,[ / {d.Mu,X^) - du^{t^,X,N)\,N^,M^^^{u)fdu]] 

k=0 

N-l 

+ E[K)X[ / {d.Mn.X^) -Y,d.-^^{tk.X,.)\,N,.^^^{u)fdu]] 

k=0 

ft N-l 

+ Kn{rf^s\ / {d^Mu.X^) - d,.^{t^,X,M)\,.^,.^^^{u)fdu]] 
•^^ k=0 

+ irE[(r/-^-)X[ / \d,Mu,X^) - J2 d,Mt^,X,.)I^,.^,.^^.^{u)\'du]] 

■^^ k=0 

1 r' ^"^ 



A;=0 

By estimates (|4.3|)-(|4.6[), and a'^.T]"''-^ e L^(fiJ, G L^(fis) we can prove the right side of 



(4.7) converges to as X — )■ cxd. 
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By the boundedness of d^t^^^ip and 



m,.[{{B\B^),. - {B\B^),.f{Bl^ - Bl^f] 

k k+i k ifc^i ij. 

=E[((i?\ B'^),. - {B\ B^),.)\Bl^ - Bl^y] 

1 



A: 



< \E[{{B\B^),M^^ - {B\B^),.)mBl^^^ - B 
we have 

N-l 

men'] <NCs E{E[i^'-^^(^^'%)nK)'(d - t^y + ir'Ym.B^),.^^ - {B\B^),.f 

k=0 

'-fe+l ''k 

+ 2{r^'^^^r?{{B\B^),. - {B\B^),.f{Bl, ~ Bl^f} 

N-l 

4l 



+ 2(a^/3^^T(Ci - t^)%.[{Bi^ - Bl^f] 

>= 'fc+l ''k 

+ 2{r,'^^^r?^t-m\B^),. - {B\B'^),.f{Bi, - ^f.)']]} 

N-l 



A;=0 



^0, inL2(fii). 



We then have proved (4.8). 

LEMMA 4.2. Let ^ G Ci'2([0,T] x M") stxc/i t/iai a^f/?, (9^m(/?, S^^y? G a,L,p(K"). Le^ X = 
and 

J s J s J s 

where a^^r]"^^ G M^(0,T) an(^ G M8(0,T). Then for each t>s, we have, in h^i^t), 
if{t,Xt)-if{s,Xs)= [ [dMu,X^)+d,.^{u,X^)a'',]du+ [ d,.if{u,Xu)P:'dBi 

'[d^M^^x^Xu^ + ^di,Mn,x^)^:^/3:=]d{B\B%. 

Proof. For a^,r/^*^' G M^(0,T) and 13"^ G M8(0,T), there exist sequences of simple 
processes a""^" ^ a'',7]"''^'^ ^ ^^y^^m.^^i ^ f^uj as m ^ oo. Let 

Xr = X,+ f a::^''du+ l\z'^^^d{B\B^)^+ f r:''''dBlm = 1,2,.... 
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From lemma 14.11 we have 



(4.9) 



For any s <t <T, 



E[ sup |X, - Xnl < CE / [(a™'^^^ - a^^)^ + |r/-'-^ - r^^^^^ + l/^r''^^ - ^u'W^ ^ 0, 

s<t<T 



smce a 



E / |Xt - X^l^dt <C [ E[ sup |Xt - Xf ^ 0. 

Js Js s<t<T 



Then 

r-T 



^0 



<2{E[ / (9,.<^(M,Xr) - 9,.<^(n,X„))^|ari't^w] + H / (5..<^(m, X^))^^'^ - 
Jo Jo 

<2C{E[[ \X!^ -Xu\^\a'^^''\''du + E[[ la^^^" - a'^l^du]} 
Jo Jo 

<2C{E[[ \Xl^ - XXdu]E[ [ +CE[ /" la^'" - a'J^du] 

Jo Jo Jo 

where C is a constant. Then we have proved dx^y:>{-, X!^)a'^''^ — )• dx'^(p{-,X.)af in M^(0,T). 
Similarly, we can prove that in M^(0,T), 

a^(-,x.™)->a^(-,x.), 

9,.<^(-,X.-)r/™'-^- -> 9,.<^(-,X.)r7.'^^^ 

9,.¥P(-,X.'")/3."^'^^' ^ dx.ifi;X.)P]'\ 

a,M..<^(-,X.'")/3.™''^^/3."^'^^' ^ a,M..<^(-,X.)/3.^^/3.^'^\ 



We then pass to limit as m — )■ oo in both sides of (4.9) to get (4.8) 



LEMMA 4.3. Let ip G C-'^'^([0,T] x M") such that (p,dt(p,dxi^(p,dl^(p are bounded and uni- 
formly continuous on [0, T] x M". Let X = (X^, . . . , X") and 
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where a^.T]""'^ e M^(0,T) and P"^ G M8(0,T). Then for each t>s, we have, m l.'^{VLt), 



(p{t,Xt) - (f{s,Xs 



(4.10) 



Proof. We take {iprn}m=i such that, for each m, iprn and all its first order and second 
order derivatives are in Cb,L.p([0,T] x M") and such that, as m — )■ oo, ipm^dt^m^dx'^^m, and 
d1^,^„iPm converge respectively to dt^, dx''^-, and dl^^^^ip uniformly on [0, T] x M". We then 
use the Ito's formula (4.8) to ipmit^Xt), i.e., 

Vm{t-,Xt) (s,X,) = 



[9i<^^(n,X„) + 9^ (^„(M,Xj<*^]rfM+ / dx-^^^{u,X^)l5l^dBi 

Jo 

+ I [9..y.„(w,X„)C^- + ^52,,.¥.^(M,X„)/3r/3:^-f/(5',5^)„. 



Passing to the limit as m — > cxd, we get (4.10). 

THEOREM 4.4. Let G Ci'2([0,T] x M") and X = {X\ . . . with 

JQ Jo Jo 

where a'',?]"'^ e M^(0,T) and e M\0,T). Then for each t>s, we have, m l.'^{VLt), 



ip{t,Xt)-^{s,Xs)= / [dMu,Xu)+dx.^^{u,X^)al'^]du+ / dx^^{u,Xu)P''JdBi 

Jo Jo 

+£[a..¥.(«,x„)c^- + ^di,Mn,x^)Pi:^p:^]d{B\B^)^. 

Proof. For simplicity, we only prove the case of n = d = 1. We set 



(4.11) 



it = \Xt\+ / {m' + \f3u\' + m')du, 



and for = 1, 2 



5 -"5 • • "! 



inf{t > 0;7t > k}. Let G Ci'2([0,T] x M"), such that 
dt^kidx^^kidxt^x^'^k are bounded and uniformly continuous and (pk = v^, for |x| < 2k and 
t G [0,T]. By lemma 3.10, I[o,Tfc]tt, Iicrfc]??, I[o,rfc]/3 € M^(0,T), so we have 



Then we can apply the Ito's formula (4.10) to (pk{t, Xt/^T^,) to obtain 



(fk{t, XtArJ - fk{s, Xs) = / [dtifkiu, Xu) + dx<fk{u, Xu)au] 

Jo 



du 



+ I dx(pk{u,Xu)f3J.io,Tk]dBi 



+ I [dxMu,Xu)vu + :^d',^xMu,Xu)(3t]I[o,r,]d{B\B^)u. 



Passing to the limit as /c — )■ oo, we get (4.11). 
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